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SCALE-FREE UNIQUE CONTINUATION ESTIMATES AND
LOGVINENKO-SEREDA THEOREMS ON THE TORUS
MICHELA EGIDI AND IVAN VESELIC´
Abstract. We study uncertainty principles or observability estimates for
function classes on the torus. The classes are defined in terms of spectral
subspaces of the energy or the momentum, respectively. In our main theorems,
the support of the Fourier Transform of the functions is allowed to be supported
in a (finite number of) parallelepipeds. The estimates we obtain do not depend
on the size of the torus and the position of the parallelepipeds, but only on their
size and number, and the size and scale of the observability set. Our results
are on the one hand closely related to unique continuation and observability
estimates which can be obtained by Carleman estimates and on the other hand
to the Logvinenko & Sereda theorem. In fact, we rely on the methods used by
Kovrijkine to refine and generalize the results of Logvinenko & Sereda.
1. Introduction and Motivation
We study L2-equidistribution properties of eigenfunctions, or more generally,
of functions f in a spectral subspace of a Hamiltonian operator H . Here by L2-
equidistribution we mean that (the square of) the total norm
∫
Λ
|f |2 is controlled by
(the square of) the L2-norm
∫
S
|f |2 over a subset S ⊂ Λ which is itself in a certain
sense evenly distributed within Λ. For the applications we have in mind (stemming
from the spectral theory of random Schro¨dinger operators) it is sufficient to consider
the case that Λ is a d-dimensional cube ΛL of sidelength L or the corresponding
torus TdL.
The motivation for the present paper was the following result announced in [13]
and proven in [12], which we formulate next. It applies to the Schro¨dinger operator
HL = −∆L + VL on L2(ΛL) where ΛL = (−L/2, L/2)d ⊂ Rd, ∆L is the Laplacian
with Dirichlet, Neumann, or periodic boundary conditions, and VL : ΛL → R
is the restriction to ΛL, of a measurable and bounded V : R
d → R. To give a
precise meaning to the phrase ‘evenly distributed’ set let us introduce the following
definition.
Definition 1. Let G > 0 and δ > 0. We say that a sequence zj ∈ Rd, j ∈ (GZ)d,
is (G, δ)-equidistributed, if
(1) ∀j ∈ (GZ)d : B(zj , δ) ⊂ ΛG + j.
Corresponding to a (G, δ)-equidistributed sequence zj ∈ Rd, j ∈ (GZ)d, we define
for L > 0 the sets
(2) Sδ =
⋃
j∈(GZ)d
B(zj , δ) ⊂ Rd and Sδ,L =
⋃
j∈(GZ)d
B(zj , δ) ∩ ΛL ⊂ ΛL,
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see Fig. 1 for an illustration. We suppress the dependence of the sets Sδ, Sδ,L on
G and the choice of the (G, δ)-equidistributed sequence in the notation. In the
following, these sets will play the role of observability sets as used in the context of
control theory.
Theorem 2 (Nakic´, Ta¨ufer, Tautenhahn, Veselic´ [13, 12]). There is a constant
N = N(d), such that for all G > 0, all δ ∈ (0, G/2), all (G, δ)-equidistributed
sequences, all measurable and bounded V : Rd → R, all L ∈ GN, all E0 > 0 and all
f ∈ Ran(χ(−∞,E0](HL)) we have
(3)
∫
Sδ,L
|f |2 > CGsfUC
∫
ΛL
|f |2,
where
(4) CGsfUC = C
G
sfUC(d, δ, b, ‖V ‖∞) :=
(
δ
G
)N(1+G4/3‖V ‖2/3
∞
+G
√
E0
)
is the scale-free unique continuation constant.
The term scale-free refers to the fact that we have the same constant for all L.
See also [15, 7] and the references quoted there for earlier results.
Figure 1. Illustration of Sδ,L within the region ΛL = Λ5 ⊂ R2
for periodically (left) and non-periodically (right) arranged balls.
The Hamiltonian is lower bounded in the sense of quadratic forms by −‖V ‖∞,
consequently χ(−∞,E0](HL) = χ[−‖V ‖∞,E0](HL). Thus the term
√
E0 appearing
in the exponent of CsfUC in (4) could be interpreted in two ways: either as the
length or as the supremum of the energy interval. To understand which of the two
quantities is relevant for our scale-free unique continuation estimate, one may ask:
Question 3. Consider the situation of Theorem 2. Fix some w ∈ (0,∞). Is there
a constant N such that for all E0 ∈ R and f ∈ Ran(χ[E0−w,E0](HL)), the estimate
(5)
∫
Sδ,L
|f |2 >
(
δ
G
)N(1+G4/3‖V ‖2/3
∞
+G
√
w
) ∫
ΛL
|f |2
holds true? The main point is that the scale-free unique continuation constant is
no longer allowed to depend on E0, the position of the energy interval of length w.
When considering the question, one has to bear in mind that the volume of the
energy shell in momentum space corresponding to [E − w,E] grows polynomially
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with E. Thus the dimension of the family of linear subspaces of ’test functions’
where the bound (5) is supposed to hold grows unboundedly.
The answer to this question may depend on the space dimension d and the
(regularity) properties of the potential V . In fact, in the case of one single cube
(i.e. L = 1) and for individual eigenfunctions this has been studied for sufficiently
regular L∞-potentials in any dimension by Anantharaman and Macia in [2], for
continuous potentials in dimensions d = 1 and d = 2 by Burq and Zworski in
[6], and for L2-potentials by Bourgain, Burq and Zworski in [5], which was again
extended to dimension d = 3 by Bourgain in [4]. In fact, these papers study the
time-dependent Schro¨dinger equation. We spell out some of their results which are
of direct interest to this paper.
Theorem 4 (Anantharaman, Macia [2]). Suppose V ∈ L∞(Td) satisfies the fol-
lowing approximation property: for every ε > 0, there exists a compact set Kε ⊂ Td
of Lebesgue measure < ε, and Vε ∈ C(Td) such that |V − Vε| ≤ ε on Td \Kε.
Then, for every non-empty open set S ⊂ Td and every T > 0 there exists a constant
C = C(V, T, S) > 0 such that
(6) ‖f‖2L2(Td) ≤ C
∫ T
0
‖e−tiHf‖2L2(S) d t, for every f ∈ L2(Td).
Here H = −∆+ V denotes the Schro¨dinger operator on Td.
Theorem 5 (Bourgain, Burq, Zworski [5], Bourgain [4]). Let d ∈ {1, 2, 3}, V ∈
L2(Td), and H = −∆+ V . Then, for every non-empty open set S ⊂ Td and every
T > 0 there exists a constant C = C(V, T, S) > 0 such that inequality (6) holds for
every f ∈ L2(Td).
If f ∈ L2(Td) is an eigenfunction, i. e. −∆f + V f = λf for some real λ ∈ R,
then we have e−itHf = e−itλf and so inequality (6) yields
‖f‖2L2(Td) ≤ C
∫ T
0
‖e−tiλf‖2L2(S) d t = C
∫ T
0
‖f‖2L2(S) d t = CT ‖f‖2L2(S),(7)
which gives us an instance of the bound (5) in the case that f is a pure eigenfunction.
Note that the parameter T is independent of the eigenvalue problem Hf = λf , so
one could optimize C(V, S, T ) · T over T > 0.
In fact this bound can be strengthened somewhat, as was pointed out to us by
N. Anantharaman [1]. Consider, for some 0 < w = w(d, S, T, E) a linear com-
bination f =
∑
E−w≤Ek≤E αkψk ∈ L2(Td) of normalized eigenfunctions ψk of H
relative to eigenvalues Ek ∈ [E − w,E].
The triangle inequality and the expansion of f give
‖e−itHf‖L2(S) = ‖e−itHf −
∑
E−w≤Ek≤E
e−itEαkψk +
∑
E−w≤Ek≤E
e−itEαkψk‖L2(S)
≤ ‖
∑
E−w≤Ek≤E
αk(e
−itEk − e−itE)ψk‖L2(S) + ‖
∑
E−w≤Ek≤E
e−itEαkψk‖L2(S)
≤
∑
E−w≤Ek≤E
|αk(e−itEk − e−itE)|‖ψk‖L2(Td) + ‖f‖L2(S).
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We estimate the last expression using Hoelder’s Inequality, Lipschitz continuity of
x→ e−ix, the Plancherel theorem, and the Weyl law by: ∑
E−w≤Ek≤E
|e−itEk − e−itE |2
1/2 ∑
E−w≤Ek≤E
|αk|2
1/2 + ‖f‖L2(S)
≤ Tw (#{Ek | E − w ≤ Ek ≤ E})1/2 ‖f‖L2(Td) + ‖f‖L2(S)
≤ TwCdEd/4‖f‖L2(Td) + ‖f‖L2(S),
where Cd depends only on the dimension. Then, inequality (6) yields
‖f‖2L2(Td) ≤ C
∫ T
0
‖e−itHf‖2L2(S) d t
≤ C
∫ T
0
2(TwCdE
d/4)2‖f‖2L2(Td) + 2‖f‖2L2(S) d t
≤ 2Cw2T 3Ed/2C2d‖f‖2L2(Td) + 2TC‖f‖2L2(S).
(8)
Choosing w ≤ 14
(
C2dCT
3Ed/2
)−1/2
, we conclude
(9) ‖f‖2L2(Td) ≤ 4CT ‖f‖2L2(S).
So, in the case that the width w of the energy interval [E−w(E), E] shrinks at the
rate E−d/4, there is a positive answer to a (weakened) version to Question 3. Note
however that in this case the volume of the spherical shell B(
√
E) \ B(√E − w)
behaves like E(d/2)−1, which is increasing for d ≥ 3.
2. Results
In this paper we obtain a positive answer to a variant of Question 3, namely
when the potential V is identically zero, i.e. the Hamiltonian is the pure Laplacian,
and when the energy or spectral subspace is replaced by a momentum subspace.
In this situation we are able to apply methods from Fourier analysis and complex
function theory which are more detailed than corresponding tools from the analysis
of partial differential equations. In fact, it turns out that the result we are aiming
at is very closely related to a remarkable Theorem by Logvinenko & Sereda, as
will be explained in what follows. To formulate our main result we again need a
geometric definition.
Definition 6. Let S be a measurable subset of Rd, d ≥ 1, γ ∈ (0, 1] and a =
(a1, . . . , ad) ∈ Rd, aj > 0 for all j = 1, . . . , d. We say that S is (γ, a)-thick if for
each parallelepiped P = [x1 − a1/2, x1 + a1/2]× . . .× [xd − ad/2, xd + ad/2] ⊂ Rd
with sides parallel to the coordinate axes and of lengths a1, . . . , ad, we have
(10) |S ∩ P | ≥ γ|P |.
In particular, if a sequence zj ∈ Rd, j ∈ (GZ)d, is (G, δ)-equidistributed, the set
Sδ =
⋃
j∈(GZ)d B(zj , δ) is (γ, a) thick with γ = ωdδ
d and a = (2G, . . . , 2G), where
ωd is the volume of the unit ball in d dimensions.
Now we can state our first main theorem.
Theorem 7. Let TdL = [0, 2piL]
d, f ∈ Lp(TdL) with p ∈ [1,∞] such that supp fˆ ⊂ J ,
where J is a parallelepiped in Rd with sides of length b1, . . . , bd. Set b = (b1, . . . , bd).
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Let S ⊂ Rd be a (γ, a)-thick set with a = (a1, . . . , ad) such that 0 < aj ≤ 2piL for
all j = 1, . . . , d. Then,
(11) ‖f‖Lp(TdL) ≤
(cd
γ
)ca·b+ 6d+1p ‖f‖Lp(S∩TdL),
where c is a universal constant and a · b :=∑dj=1 ajbj.
We adopt the convention that for f ∈ Lp(TdL),
(12) f̂ :
(
1
L
Z
)d
−→ Rd, f̂
(
k1
L
, . . . ,
kd
L
)
=
1
(2piL)d
∫
TdL
f(x)e−i
1
Lx·k dx.
In particular, supp f̂ ⊂ ( 1LZ)d ⊂ Rd (see figure below).
b1
b2
1/L
Figure 2. 2-dimensional example of the support of f̂ . The nodes
correspond to the active Fourier modes as a subset of
(
1
LZ
)2
and
the gray rectangle around them corresponds to the parallelepiped
J as a subset of R2.
This is actually the analogue of the Logvinenko-Sereda Theorem for functions
on the torus. The original theorem of Logvinenko and Sereda reads as follows.
Theorem 8 (Logvinenko, Sereda [10]). Let f ∈ Lp(R) with p ∈ [1,∞] and assume
that supp fˆ ⊂ J , where J is an interval of length b. Let S be a (γ, a)-thick set.
Then,
(13) ‖f‖Lp(S) ≥ exp
(
− C ab+ 1
γ
)
‖f‖Lp(R).
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This estimate has been significantly improved by Kovrijkine [9], who showed that
the constant of the Logvinenko-Sereda Theorem depends on γ only polynomially.
Namely, under the assumptions of Theorem 8 he proved
(14) ‖f‖Lp(S) ≥
( γ
C
)C(ab+1)
‖f‖Lp(R).
He also extended this result to the case when the Fourier Transform of f is
supported in a union of intervals, say J1, . . . , Jn, all of which of the same length b.
In this case, his estimate is as follows.
Theorem 9 (Kovrijkine [9]). Let n ∈ N, f ∈ Lp(R) with p ∈ [1,∞] and assume
that supp fˆ ⊂ J1 ∪ . . . ∪ Jn, where each Jk is an interval of length b. Let S be a
(γ, a)-thick set. Then,
(15) ‖f‖Lp(S) ≥
( γ
C
)ab(Cγ )n+n− p−1p ‖f‖Lp(R).
Moreover, he proved a d-dimensional version of (14) and (15).
Theorem 10 (Kovrijkine [8]). Let f ∈ Lp(Rd) with p ∈ [1,∞] and let S ⊂ Rd be
a (γ, a)-thick set.
(i) If supp fˆ ⊂ J , where J is a parallelepiped with sides parallel to the coordinate
axes and of length b1, . . . , bd, then
(16) ‖f‖Lp(S) ≥
( γ
Cd
)C(d+a·b)
‖f‖Lp(Rd).
(ii) If supp fˆ ⊂ J1 ∪ . . .∪Jn, where each Jk is a parallelepiped with sides parallel
to the coordinate axes and of length b1, . . . , bk, then
(17) ‖f‖Lp(S) ≥
( γ
Cd
)(Cd
γ
)n
a·b+n−p−1p ‖f‖Lp(Rd).
In the case of functions defined on the torus with Fourier Transform supported in
an union of parallelepipeds we obtain again an analogue of the result by Kovrijkine.
Theorem 11. Let f ∈ Lp(TdL) with p ∈ [1,∞]. Assume that supp f̂ ⊂
⋃n
l=1 Jl,
where Jl’s are parallelepipeds in R
d with sides of length b1, . . . , bd. Let S be a
(γ, a)-thick set with a = (a1, . . . , ad) such that 0 < aj ≤ 2piL for all j = 1, . . . , d.
Then,
(18) ‖f‖Lp(TdL) ≤
( c˜d
γ
)( c˜d
γ
)n
a·b+n− (p−1)p ‖f‖Lp(S∩TdL),
where c˜ ≥ 3 is a universal constant.
We emphasize that the positions of the sets Jl do not influence the constant in
(18). Thus the result is independent of the position of the parallelepipeds. Further-
more, it is scale-free, in the sense that it is uniform for all L ≥ max{a1, . . . , ad}/(2pi).
Let us compare Theorem 11 with Theorem 7. In the case of just one paral-
lelepiped J , i.e. n = 1, the estimate (11) is better than estimate (18), since it shows
a polynomial dependence on 1/γ. This is a manifestation of the different proofs
used for Theorem 7 and 11, respectively. On the other hand, Theorem 11 is ob-
viously more general since it allows the support of the Fourier transform fˆ to be
supported in more than one parallelepiped of sides b1, . . . , bd.
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Example 12. Consider a function f with supp fˆ ⊂ Σ ⊂ Rd where Σ = {p ∈
Rd | (E−1) ≤ ‖p‖22 ≤ E} for a given 1 < E ∈ R. If we embed Σ in a parallelepiped
J with sides of equal length 2
√
E, Theorem 7 gives the constant
(
cd
γ
)c2√E|a|1+ 6d+1p
,
where |a|1 :=
∑d
j=1 aj It is possible to cover Σ with n disjoint unit cubes Jl, where
their number can be estimated by comparing it to the volume of the spherical shell
B(
√
E +
√
d) \B(
√
E − 1−√d)
n ≤ pi
d/2
Γ(1 + d/2)
d(1 + 2
√
d)Ed/2−1 =: C(d)Ed/2−1.
Then Theorem 11 applies with the constant(
cd
γ
)( cd
γ
)C(d)Ed/2−1 |a|1+C(d)Ed/2−1− p−1p
,
which gives a worse estimate than Theorem 7, in general. However, when d = 1,
n = 2 intervals suffice and the latter constant reduces to(
c
γ
)( cγ )2a/√E+2− p−1p
≤
(
c
γ
)( cγ )2a+2− p−1p
Similarly, for d = 2, the constant equals(
c2
γ
)( c2
γ
)C(2)|a|1+C(2)− p−1p
.
Thus the dependence on E is eliminated for d ∈ {1, 2}. In particular, this is an
instance of the constant in (5) in dimension 1 and when V = 0, as f can be regarded
as a linear combination of eigenfunctions of ∆TL .
The above theorems display clearly the analogy between our results for the func-
tion on the torus with the earlier results of Kovrijkine for functions on the full
space. In fact, not only the results for the two geometric situations are analogous,
but the proofs of our results use the methods developed in [9] and [8].
The remainder of the paper is organised as follows. In Section 3 we present some
technical results used in the proof of Theorems 7 and 11. Sections 4 and 5 contain
the proof of Theorem 7 and 11 respectively.
3. Analytic Tools
The following two results are inspired by [14] and their proofs can be found in
[9]. The first one is a key ingredient for the proof of Theorem 7, while the second
plays an analogous role for Theorem 11. In particular, the proofs of Theorem 7 and
of Theorem 11 will consist in reducing the situation to the following theorems (and
Lemma 15).
Theorem 13. Let z0 ∈ R and let φ be an analytic function on D(z0, 5) := {z ∈ C |
|z−z0| < 5}. We consider I ⊂ R an interval of unit length such that z0 ∈ I and A ⊂
I a measurable set of non-zero measure, i.e., |A| > 0. Set M = max|z−z0|≤4|φ(z)|
and assume that |φ(z0)| ≥ 1, then
(19) sup
x∈I
|φ(x)| ≤
(
12
|A|
)2 logMlog 2
· sup
x∈A
|φ(x)|.
The following theorem is an extension of a classical Lemma by Turan [16].
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Theorem 14. If r(x) =
∑n
k=1 pk(x)e
iλkx, where pk(x) are polynomials of degree
at most m− 1 and λk ∈ C, and A is a measurable subset of an interval I such that
|A| > 0, then
(20) ‖r‖L∞(I) ≤
(316|I|
|A|
)nm−1
‖r‖L∞(A).
For constant coefficients pk this was proven by F. Nazarov in [14, Theorem 1.4],
while Kovrijkine [9] adapted the estimate to polynomial coefficients.
The following Lemma will be recalled both in the proof of Theorem 7 and of
Theorem 11.
Lemma 15. Let U ⊂ Λ ⊂ Rd be measurable sets with |Λ| = 1 and |U | > 0. Let
p ∈ [1,∞], f ∈ Lp(TdL), C,α ∈ [1,∞) and Q ∈ [0,∞). For ε = C1+C |U | let
(21) W = {x ∈ Λ | |f(x)|+Q <
( ε
C
)α
‖f‖Lp(Λ)}.
Assume that
(22) sup
x∈U
|f(x)|+Q ≥
( |U |
C
)α
‖f‖Lp(Λ),
and
(23) sup
x∈W
|f(x)|+Q ≥
( |W |
C
)α
‖f‖Lp(Λ).
Then, |W | ≤ ε and
(24) ‖f +Q‖qLq(U) ≥
( |U |
1 + C
)qα+1
‖f‖qLq(Λ),
for any 1 ≤ q ≤ p, q <∞.
Proof. We first observe that if |W | = 0, then |W | ≤ ε is trivially satisfied. Hence,
let |W | > 0. Then, by the definition and assumption on W
sup
x∈W
|f(x)|+Q ≤
( ε
C
)α
‖f‖Lp(Λ) ≤
( ε
C
)α( C
|W |
)α(
sup
x∈W
|f(x)|+Q
)
≤
(
ε
|W |
)α(
sup
x∈W
|f(x)|+Q
)
,
and it follows that ε|W | ≥ 1.
Let W c = {x ∈ U | |f(x)|+Q ≥ ( εC )α ‖f‖Lp(Λ)} be the complement of W in U .
Then |W c| ≥ |U | − ε ≥ (1 + C)−1|U |, since ε = C1+C |U |. Now∫
U
(|f(x)|+Q)q ≥
∫
W c
(|f(x)|+Q)q ≥
( |U |
1 + C
)( |U |
1 + C
)qα
‖f‖qLp(Λ)
≥
( |U |
1 + C
)qα+1
‖f‖qLq(Λ),
where we used Hoelder’s inequality ‖f‖Lq(Λ) ≤ |Λ|1/q−1/p‖f‖Lp(Λ) = ‖f‖Lp(Λ),
since Λ has measure one. 
We now recall the Bernstein Inequality for periodic functions (see [11, Prop.
1.11] and [3, Chapter 11]), which will be used in both proofs.
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Proposition 16 (Bernstein’s Inequality). Let p ∈ [1,∞], d ≥ 1 and f ∈ Lp(TdL)
such that supp f̂ ⊂ [−b1, b1]× . . .× [−bd, bd]. Set b = (b1, . . . , bd), then
(25) ‖∂αf‖Lp(TdL) ≤ C
|α|
B b
α‖f‖Lp(TdL),
where α = (α1, . . . , αd) is a multi-index in N
d
0 and 1 ≤ CB ∈ R is a universal
constant.
Finally, we present a statement inspired by a claim in the proof of [9, Thm. 2’].
In what follows we consider parallelepipeds J1, . . . , Jn of the form
(26) Jl = [λl,1 − b1
2
, λl,1 +
b1
2
]× . . .× [λl,d − bd
2
, λl,d +
bd
2
]
for all l = 1, . . . , n.
Lemma 17. Let f : TdL −→ C be such that supp f̂ ⊂ J1 ∪ . . . ∪ Jn where each
Jl ⊂ Rd is as in (26) and the λl,j’s satisfy λl,j − λk,j > 2bj for all l, k = 1, . . . , n
with l 6= k and all j = 1, . . . , d. Then, f(x) = ∑nl=1 fl(x)eicl·x, where each fl
satisfies supp f̂l ⊂ Jl − cl ⊂ [−b1, b1]× . . .× [−bd, bd], with cl ∈ 1LZd ∩ Jl, and
(27) ‖fl‖Lp(TdL) ≤ K
d‖f‖Lp(TdL).
Proof. The first part of the lemma follows by properties of the Fourier Transform.
In fact, we perform a shift (in Fourier space) of all parallelepipeds Jl by a point
cl ∈ 1LZd ∩ Jl so that Jl − cl ⊂ [−b1, b1]× . . . ,×[−bd, bd]. Consequently, we obtain
f̂( 1Lk) =
∑n
l=1 f̂l(
1
Lk − cl), where fl’s are functions whose Fourier Transform are
supported in [−b1, b1]× . . .× [−bd, bd]. Thus, f(x) =
∑n
l=1 fl(x)e
icl·x.
To prove the second part, we first assume that L = 1. Then, we have cl ∈ Zd.
We define h : Td −→ C such that ĥ(k) = χZd∩[−1,1]d(k). It is easy to check that
h ∈ L1 and ‖h‖L1(Td) ≤ 6d. We also set φ(x) := h(b1x1, . . . , bdxd), defined on
[0, 2pi/b1] × . . . × [0, 2pi/bd] and such that φ̂(b1k1, . . . , kdbd) = ĥ(k). Consequently
supp φ̂ ⊂ [−b1, b1]× . . .× [−bd, bd]. Then,
(28) f̂l(k) = f̂(k + cl)φ̂(b1k1, . . . , bdkd) = e
−icl·xf ∗ φ(·/b)
∧
(k) = e−icl·xf ∗ h
∧
(k),
and by Young’s Inequality [11, Lemma 1.1., (ii)] we conclude
(29) ‖fl‖Lp(Td) ≤ ‖h‖L1(Td)‖f‖Lp(Td) ≤ 6d‖f‖Lp(Td).
If L 6= 1, we define the transformation T : TdL −→ Td, T (x) = (x1/L, . . . , xd/L)
to obtain the function
(30) g(x) = (f ◦ T )(x) =
n∑
l=1
(fl ◦ T )(x)eicl·T (x) :=
n∑
l=1
gl(x)e
icl·T (x).
For the Lp norms of g and gl we have
(31) ‖g‖Lp(TdL) = L
d/p‖f‖Lp(Td), and ‖gl‖Lp(TdL) = L
d/p‖fl‖Lp(Td).
Then, using (29) we obtain
(32) ‖gl‖Lp(TdL) = L
d/p‖fl‖Lp(Td) ≤ 6dLd/p‖fl‖Lp(Td) ≤ 6d‖gl‖Lp(TdL),
which concludes the proof. 
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4. Proof of Theorem 7
The strategy of the proof consists of two parts. First one splits TdL into unit
cubes. This is necessary since the diameter of TdL depends on L while the one of
the unit cube is simply
√
d, enabling an application of Lemma 13 without L-scaling.
Furthermore, the Lebesgue measure on the unit cube is normalized, which allows
the use of a probabilistic trick. In fact, the idea used several times is that an
estimate on the average of a function ρ ≥ 0 implies a point-wise estimate, on a set
which is not too small with respect to the induced measure with density ρ.
In the second part one identifies a sufficiently rich class of cubes, such that on
each one of them it is possible to estimate the maximum of |f |.
We assume that J is centred at λ = (λ1, . . . , λd), i.e.
(33) J = [λ1 − b1/2, λ1 + b1/2]× . . .× [λd − bd/2, λd + bd/2],
and we consider c ∈ 1LZd ∩ J so that J − c ⊂ [−b1, b1] × . . . × [bd, bd]. This shift
(in Fourier space) affects f only by multiplication with the factor eic·x and does
not change its Lp-norm. Hence, without loss of generality we can assume that fˆ
has support in [−b1, b1] × . . . × [−bd, bd]. Moreover, we first assume p ∈ [1,∞),
a = (1, . . . , 1) and 2piL ≥ 1. We will then recover the general estimate by a scaling
argument in a.
Let Γ = Zd ∩ (⌈2piL⌉ − 1)d, then the torus can be covered by unit cubes
T
d
L ⊂
⋃
j∈Γ
(
[0, 1]d + j
)
, such that
∑
j∈Γ
‖f‖p
Lp([0,1]d+j)
≤ 2d‖f‖p
Lp(TdL)
.
In what follows we will denote any of the cubes [0, 1]d + j by Λ.
We now claim that for any point y in a cube Λ there exists a line segment I :=
I(S, y) ⊂ Λ such that y ∈ I and |S∩I||I| ≥ γCd1 . In fact, using spherical coordinates
around y we write
(34) |S ∩ Λ| =
∫
Λ∩S
dx =
∫
|ξ|=1
∫ ∞
0
χS∩Λ(y + rξ)rd−1 d r dσ(ξ).
We set σd−1 = |Sd−1|. Then, there exists a point η ∈ Sd−1 such that
(35) |S ∩ Λ| ≤ σd−1
∫ ∞
0
χS∩Λ(y + rη)rd−1 d r.
We define the interval I to be the longest line segment in Λ starting at y in the
direction η, that is,
(36) I = {x ∈ Λ | x = y + rη, r ∈ R+}.
Consequently, Ineq. (35) yields
(37) |S ∩ Λ| ≤ σd−1d(d−1)/2
∫ ∞
0
χS∩I(y + rη) d r = σd−1d(d−1)/2|S ∩ I|.
Using the above inequality, the fact that |I| ≤ d1/2 and that σd−1 ∼ 1√
(d−1)pi
(
2pied
d−1
)d/2
,
we obtain
(38)
|S ∩ I|
|I| ≥
|S ∩ Λ|
σd−1dd/2
≥ γ
σd−1dd/2
≥ γ
Cd1
,
where C1 is a universal constant.
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Let y0 ∈ Λ be a point such that |f(y0)| ≥ ‖f‖Lp(Λ), e.g. the maximum of f in
Λ, and define F : C −→ C by F (w) = ‖f‖−1Lp(Λ)f(y0 +w|I0|η), where I0 := I(S, y0)
is as in (36). We apply Lemma 13 to the function F , the interval [0, 1], and the
subset A = {t ∈ [0, 1] | y0 + t|I0|η ∈ S ∩ I0}, whose measure is |A| = |S∩I0||I0| . Then,
sup
x∈S∩Λ
|f(x)| ≥ sup
x∈S∩I0
|f(x)| = ‖f‖Lp(Λ) sup
t∈A
|F (t)|
≥ ‖f‖Lp(Λ)
( |A|
12
) 2 logM
log 2
sup
t∈[0,1]
|F (t)|
= ‖f‖Lp(Λ)
( |A|
12
) 2 logM
log 2
sup
t∈[0,1]
‖f‖−1Lp(Λ)|f(y0 + t|I0|η)|
≥
( |A|
12
) 2 logM
log 2 |f(y0)|
≥
( |S ∩ I0|
12|I0|
) 2 logM
log 2 ‖f‖Lp(Λ) ≥
( |S ∩ Λ|
Cd2
) 2 logM
log 2 ‖f‖Lp(Λ),
(39)
where we used (38) in the last inequality and whereM = max|w|≤4|F (w)|. Similarly,
for
W = {x ∈ Λ | |f(x)| <
( |S ∩ Λ|
Cd2
)2 logM/ log 2
‖f‖Lp(Λ)}
we obtain
(40) sup
x∈W
|f(x)| ≥
( |W |
Cd2
) 2 logM
log 2 ‖f‖Lp(Λ),
using a (possibly) different line segment I(W, y0) ⊂ Λ containing y0 and satisfying
a proportionality relation analogous to (38) with S replaced by W .
Lemma 15 applied with Q = 0, U = Λ ∩ S and α = 2 logM/ log 2 gives
‖f‖Lp(S∩Λ) ≥
( |Λ ∩ S|
1 + Cd2
) 2 logM
log 2 +
1
p
‖f‖Lp(Λ) ≥
(
γ
Cd3
) 2 logM
log 2 +
1
p
‖f‖Lp(Λ),(41)
for some constant C3 so that 1 + C
d
2 ≤ Cd3 .
One is left now with estimating M = max|w|≤4|F (w)|, which depends on the
particular cube Λ = [0, 1]d + j under consideration. We do not know how to
estimate this quantity for every cube Λ, but for sufficiently many of them. To
make this precise consider two types of cubes.
Motivated by the Bernstein Inequality, fix A > 1 and call a cube Λ good if for
all multi-indices α ∈ Nd0 \ {0}
(42) ‖∂αf‖Lp(Λ) < 2(2d)/pA|α|(CBb)α‖f‖Lp(Λ),
where CB is the same constant as in (25). Call Λ bad otherwise.
It is easy to check that, for A = 3,
(43) ‖f‖pLp( ⋃
Λ bad
Λ) ≤
1
2
‖f‖p
Lp(TdL)
,
and therefore the contribution of the bad cubes can be subsumed in the contribution
of good ones.
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In fact, using the definition of bad cubes and the Bernstein Inequality, we have
‖f‖pLp( ⋃
Λ bad
Λ) ≤
∑
α6=0
∑
λ bad
1
22dAp|α|(CBb)pα
‖∂αf‖pLp(Λ)
≤
∑
α6=0
2d
22dAp|α|(CBb)pα
‖∂αf‖p
Lp(TdL)
≤
∑
α6=0
1
2dAp|α|
‖f‖p
Lp(TdL)
=
1
2d
(
1(
1− 1Ap
)d − 1
)
‖f‖p
Lp(TdL)
,
(44)
and since A = 3 we obtain (43). We now claim that, for a properly chosen B > 1
and for a good Λ cube there exists x ∈ Λ such that
(45) |∂αf(x)| ≤ 2(3d)/pB|α|(CBb)α‖f‖Lp(Λ) ∀ α ∈ Nd0.
In fact, arguing by contradiction, assume that for every x ∈ Λ, with Λ a good cube,
there exists α(x) ∈ Nd0 such that
(46) |∂α(x)f(x)| > 2(3d)/pB|α(x)|(CBb)α(x)‖f‖Lp(Λ)
To get rid of the x-dependence in α(x) we divide and sum over all multi-indices∑
α∈Nd0
|∂αf(x)|
2(3d)/pB|α|(CBb)α
≥ |∂
α(x)f(x)|
2(3d)/pB|α(x)|(CBb)α(x)
> ‖f‖Lp(Λ).
Integration over Λ yields
2d‖f‖pLp(Λ) ≤
∑
α≥0
1
22dBp|α|(CBb)pα
‖∂αf‖pLp(Λ)
≤
∑
α≥0
(A
B
)p|α|
‖f‖pLp(Λ) =
1(
1− (A/B)p
)d ‖f‖pLp(Λ).(47)
Then,
(48) ‖f‖pLp(Λ) ≤
1
2d
(
1− (A/B)p
)d ‖f‖pLp(Λ).
Choosing A = 3, as before, and B = 9, we conclude ‖f‖pLp(Λ) < ‖f‖pLp(Λ). There-
fore, the claim must be true.
In what follows, let Λ be a good cube of the form
(49) Λ = [r1 − 1/2, r1 + 1/2]× . . .× [rd − 1/2, rd + 1/2]
for r ∈ Rd and let D(ξ, R) = {ν ∈ C | |ν − ξ| ≤ R} for ξ ∈ C. Observe that,
since y0 ∈ Λ and ||I|ηi| ≤ 1 for all i ∈ {1, . . . , d}, if w ∈ D(0, 4) ⊂ C then
z = y0 + w|I0|η ∈ D1(r1, 4 + 1/2) × . . . × Dd(rd, 4 + 1/2) =: D˜. For x ∈ Λ as in
(45), we have that D˜ ⊂ D1(x1, 5)× . . .×Dd(xd, 5). Taylor expansion gives for any
z ∈ D˜
|f(z)| ≤
∑
α≥0
|∂αf(x)|
α!
|z − x|α ≤
∑
α≥0
2(3d)/p(C˜b)α5|α|
1
α!
‖f‖Lp(Λ)
= 2(3d)/p exp
(
5C˜|b|1
)
‖f‖Lp(Λ),
(50)
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where we set |b|1 =
∑d
j=1 bj and C˜ = BCB = 9CB, where we used (45) in the
second inequality .
We are now in the position to bound the supremum of the function F (w) =
‖f‖−1Lp(Λ)f(y0 + w|I0|η) associated with the good cube Λ. By (50)
(51) M = max
|w|≤4
|F (w)| ≤ ‖f‖−1Lp(Λ)max
z∈D˜
|f(z)| ≤ 2(3d)/p exp
(
5C˜|b|1
)
,
and consequently,
(52) logM ≤
(
3d
p
)
log 2 + 5C˜|b|1.
Substituting (52) into (41) and summing over all good cubes Λ, we have
(53) ‖f‖Lp(S∩TdL) ≥
1
2
(
γ
Cd3
) 6d+1
p +C4|b|1
‖f‖Lp(TdL), C4 = 90CB/ log 2,
and this concludes the proof for p ∈ [1,∞), a = (1, . . . , 1) and 2piL ≥ 1.
If p = ∞, the proof follows the same steps. However, in this case a cube Λ is
bad if there exists α ∈ Nd0 \ {0} such that
(54) ‖∂αf‖L∞(Λ) ≥ 22dA|α|(CBb)α‖f‖L∞(Λ),
and we have that ‖f‖L∞( ⋃
Λ good
Λ) = ‖f‖L∞(TdL). Then, we conclude
(55) ‖f‖L∞(S∩TdL) ≥
(
γ
C˜d3
)6d+C˜4|b|1
‖f‖Lp(TdL).
Finally, let us assume that L > 0, the vector a = (a1, . . . , ad) has components
aj ≤ 2piL for all j = 1, . . . , d, S is a (γ, a)-thick set, and f ∈ Lp(TdL) with supp f̂ ⊂
[−b1 + λ1, b1 + λ1]× . . .× [−bd + λd, bd + λd].
We define the transformation map T (x1, . . . , xd) = (a1x1, . . . , adxd) for all x ∈
Rd. In particular, T (TdL/a) = T
d
L and F = T
−1(S) is (γ, 1)-thick. Further, we
consider the function g = f ◦ T : TdL/a −→ C. For such a function, we have that
f̂( 1Lk) = ĝ(
1
L(a1k1, . . . , adkd)), which implies
(56)
supp ĝ ⊂
[
a1
(
c1 − b1
2
)
, a1
(
c1 +
b1
2
)]
× . . .×
[
ad
(
cd − bd
2
)
, ad
(
cd − bd
2
)]
.
Moreover, for p <∞ we have
(57) d∏
j=1
aj
 ‖g‖p
Lp(Td
L/a
)
= ‖f‖p
Lp(TdL)
,
 d∏
j=1
aj
 ‖g‖p
Lp(Td
L/a
∩F ) = ‖f‖
p
Lp(TdL∩S)
.
Even simpler are the relations for p =∞. In fact,
(58) ‖g‖L∞(Td
L/a
) = ‖f‖L∞(TdL), ‖g‖L∞(TdL/a∩F ) = ‖f‖L∞(TdL∩S).
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Therefore, applying (53) to g, F and TdL/a and using (56) and the relation
between the Lp norms of f and g we conclude
(59) ‖f‖p
Lp(S∩TdL)
=
 d∏
j=1
aj
 ‖g‖p
Lp(Td
L/a
∩F )
≥
 d∏
j=1
aj
( γ
Cd3
)6d+1+pC4a·b
‖g‖p
Lp(Td
L/a
)
=
(
γ
Cd3
)6d+1+pC4a·b
‖f‖p
Lp(TdL)
,
and similarly for the L∞-norm case.
Remark 18. If 2piL is an integer multiple of each aj , then the exponent in Theorem
7 becomes ca · b + (4p+ 1)/p. This is due to the fact that the union of cubes with
unit side-lengths covers the torus without overlapping. Therefore, one can reduce
the factors in (42) and (45) to 2d/p and 22d/p respectively, which leads to the stated
exponent.
5. Proof of Theorem 11
The proof of Theorem 11 is divided into two cases. First we assume the par-
allelepipeds Jl to be disjoint, then we recover the general case by an induction
argument on the number of parallelepipeds. The general strategy of the proof re-
sembles ideas from the proof of Therem 7. In fact, we split TdL into unit cubes as
before and we aim at obtaining a local estimate on each cube. Then, summing over
all cubes yields the result. We point out that in this case we do not classify the
cubes into two types as we need other estimates due to the nature of the function
f , see (61).
Let the parallelepipeds Jl be all disjoint, i.e. we assume the Jl to be centred at
λl ∈ Rd such that
(60) λl,j − λk,j > 2bj ∀ j = 1, . . . , d, ∀ k, l = 1, . . . , n, k 6= l.
In addition, we first assume that p ∈ [1,∞), a = (1, . . . , 1), and 2piL ≥ 1.
Applying Lemma 17, we write
(61) f(x) =
n∑
l=1
fl(x)e
icl·x,
for functions fl such that supp f̂l ⊂ [−b1, b1] × . . . × [−bd, bd], and cl ∈ 1LZd ∩ Jl.
We also have
(62) ‖fl‖Lp(TdL) ≤ K
d‖f‖Lp(TdL) ∀ l.
Now, as in the proof of Theorem 7, cover the torus by unit cubes
T
d
L ⊂
⋃
j∈Γ
(
[0, 1]d + j
)
, Γ = Zd ∩ (⌈2piL⌉ − 1)d,
such that
∑
j∈Γ ‖f‖pLp([0,1]d+j) ≤ 2d‖f‖pLp(TdL). Again, denote by Λ any cube of the
form [0, 1]d + j.
Let y0 ∈ Λ be such that f(y0) = maxx∈Λ|f(x)|. By the same probabilistic
argument in the proof of Theorem 7, there exists a line segment I0 = I(S, y0) =
{x ∈ Λ | x = y0 + rη, r ∈ R} ⊂ Λ such that y0 ∈ I0 and |S∩I0||I0| ≥
|Λ∩S|
Cd1
≥ γ
Cd1
.
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We now define F : C −→ C as
(63) F (t) = f(y0 + t|I0|η) =
n∑
l=1
fl(y0 + t|I0|η)eicl·(y0+t|I0|η)
and apply Taylor’s expansion with integral rest to the function t 7→ fl(y0 + t|I0|η)
to obtain
F (t) =
n∑
l=1
pl(t)e
icl·(y0+t|I0|η) +
n∑
l=1
eicl·(y0+t|I0|η)
(m− 1)!
∫ t
0
(t− s)m−1 d
m
dsm
fl(y0 + s|I0|η) d s
= r(t) + T (t),
(64)
where pl(t) are all polynomials of degree m− 1.
Then, Lemma 14 applied to r and the sets [0, 1] and A = {t ∈ [0, 1] | y0+ t|I0|η ∈
S ∩ I}, with measure |A| = |S∩I0||I0| ≥
|S∩Λ|
Cd1
, yields
‖f‖L∞(Λ) = ‖F‖L∞([0,1]) ≤ ‖r‖L∞([0,1]) + ‖T ‖L∞([0,1])
≤
(C3
|A|
)nm−1
‖r‖L∞(A) + ‖T ‖L∞([0,1])
≤
( C3Cd1
|S ∩ Λ|
)nm−1
‖r‖L∞(A) + ‖T ‖L∞([0,1])
≤
( C3Cd1
|S ∩ Λ|
)nm−1
‖F‖L∞(A) +
[(
C3C
d
1
|S ∩ Λ|
)nm−1
+ 1
]
‖T ‖L∞([0,1])
≤
(
Cd4
|S ∩ Λ|
)nm−1
‖f‖L∞(Λ∩S) +
(
Cd4
|S ∩ Λ|
)nm−1
‖T ‖L∞([0,1]).
(65)
We estimate the L∞-norm of T as follows.
max
t∈[0,1]
|T (t)|
≤ max
t∈[0,1]
n∑
l=1
1
(m− 1)!
∫ t
0
∣∣∣∣(t− s)m−1 dmdsm fl(y0 + s|I0|η)
∣∣∣∣ d s
≤ max
t∈[0,1]
n∑
l=1
1
(m− 1)! maxτ∈[0,1]
∣∣∣∣ dmdτm fl(y0 + τ |I0|η)
∣∣∣∣ · ∣∣∣∣∫ t
0
(t− s)m−1 d s
∣∣∣∣
≤ 1
m!
n∑
l=1
max
τ∈[0,1]
∣∣∣∣∣∣m!α!
∑
|α|=m
∂αfl(y + τ |I|η)(|I|η)α
∣∣∣∣∣∣
≤ 1
m!
n∑
l=1
∑
|α|=m
m!
α!
max
x∈Λ
|∂αfl|
≤ 1
m!
n∑
l=1
∑
|α|=m
m!
α!
∑
β∈Nd0,βj∈{0,1}
‖∂(α+β)fl‖L1(Λ) :=MΛ,
(66)
where in the fourth line we use ||I|ηi| ≤ 1 to obtain ||I|η|α ≤ 1, and in the last line
we apply the estimate |f(x)| ≤ ∑
β∈Nd0 ,βj∈{0,1}
∫
Λ|∂βf | to the function ∂αfl.
Hence, it follows
(67) ‖f‖L∞(Λ) ≤
(
Cd4
|S ∩ Λ|
)nm−1 (‖f‖L∞(Λ∩S) +MΛ) .
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Similarly, for the set W := {x ∈ Λ | |f(x)| <
(
|S∩Λ|
Cd4
)nm−1
‖f‖Lp(Λ)}, there
exists a (possibly different) line segment I = I(W, y0) satisfying y0 ∈ I and |W∩I||I| ≥
|Λ∩W |
Cd1
and so that equation (67) holds with S = W . We also observe that the
estimate of the L∞-norm of T remains the same. In fact, the function F , and
consequently r and T , depend on the choice of I but the L∞ estimate does not,
as we derive it using properties that any interval contained in Λ has. Therefore,
Lemma 15 applied with Q =MΛ, α = nm− 1, and U = S ∩ Λ yields
‖f‖pLp(Λ) ≤
(
1 + Cd4
|Λ ∩ S|
)pnm−(p−1)
‖f +MΛ‖pLp(Λ∩S)
≤
(
Cd5
γ
)pnm−(p−1) (
2p−1‖f‖pLp(Λ∩S) + 2p−1|Λ ∩ S|MpΛ
)
≤ 2p−1
(
Cd5
γ
)pnm−(p−1)
‖f‖pLp(Λ∩S) + 2p−1
(
Cd5
γ
)pnm
MpΛ,
(68)
where we use |Λ ∩ S| ≤ 1 in the last line.
Summing all cubes Λ we obtain
(69)
∫
TdL
|f |p ≤ 2d2p−1
(Cd5
γ
)pnm−(p−1) ∫
TdL∩S
|f |p + 2p−1
(Cd5
γ
)pnm ∑
Λ cubes
MpΛ,
and to conclude the proof we are left with estimating the sum on the right hand
side.
We first estimate MpΛ using Ho¨lder’s Inequality on the L
1-norm of ∂(α+β)f and
the three sums in (66) and we obtain
MpΛ ≤
(2d(m+ 1)d−1n)p−1
(m!)p
n∑
l=1
∑
|α|=m
∑
β∈Nd0 ,βj{0,1}
(m!
α!
)p
‖∂(α+β)fl‖pLp(Λ)
≤ (4
dmdn)p−1
(m!)p
n∑
l=1
∑
|α|=m
∑
β∈Nd0,βj{0,1}
(m!
α!
)p
‖∂(α+β)fl‖pLp(Λ).
(70)
We now take the sum over all cubes Λ and use the Bernstein Inequality (25) to
get ∑
Λ cubes
MpΛ
≤ (4
dmdn)p−1
(m!)p
n∑
l=1
∑
|α|=m
∑
β∈Nd0,βj{0,1}
(m!
α!
)p
2d
∫
TdL
|∂(α+β)fl|p
≤ (4
dmdn)p−12d
(m!)p
n∑
l=1
∑
|α|=m
∑
β∈Nd0,βj∈{0,1}
(m!
α!
)p
(CBb)
(α+β)p
∫
TdL
|fl|p
≤ (4
dmdn)p−12d
(m!)p
 ∑
β∈Nd0 ,βj∈{0,1}
∑
|α|=m
(m!)(CBb)
(α+β)
α!β!
p n∑
l=1
∫
TdL
|fl|p.
(71)
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Using (62) on each fl and noticing that the double sum in brackets is the Taylor
expansion of the function (CB |b|1)meCB |b|1 truncated at order 1, we conclude∑
Λ cubes
MpΛ ≤
(4dmdn)p−12dnKdp
(m!)p
(CB |b|1)mp epCB |b|1
∫
TdL
|f |p
≤ (8mnK)
dp(CB |b|1)mpepCB |b|1
(m!)p
∫
TdL
|f |p.
(72)
Substituting the above inequality into (69) yields∫
TdL
|f |p ≤
(Cd6
γ
)pnm−(p−1) ∫
TdL∩S
|f |p
+ 2p−1
(8mnK)dp(CB |b|1)mpepCB |b|1
(m!)p
(Cd5
γ
)pnm ∫
TdL
|f |p(73)
≤
(Cd6
γ
)pnm−(p−1) ∫
TdL∩S
|f |p + (|b|1)
mpepCB |b|1
mmp
(Cd7
γ
)pnm ∫
TdL
|f |p,
where the last inequality follows from Stirling’s formula and the fact that t ≤ 2t.
Now, we choose m such that
(|b|1)mpepCB |b|1
mmp
(Cd7
γ
)pnm
≤ 1
2
.
For example, the choice
(74) m = ⌈2 eCB
(
Cd7
γ
)n
|b|1⌉ ≤ 1 +
(
Cd8
γ
)n
|b|1
with C8 = 2 eCB C7 fulfils the condition. Then, we conclude
(75)
∫
TdL
|f |p ≤ 2
(
Cd6
γ
)p(Cd8γ )n|b|1+pn−(p−1) ∫
TdL∩S
|f |p.
If p = ∞ the proof follows the same steps with obvious modifications (i.e. no
passage to Lp-norm and taking the maximum over all Λ instead of summing over
them).
In the general case when L > 0, the vector a = (a1, . . . , ad) has components
aj ≤ 2piL for all j = 1, . . . , d, and assumption (60) holds, the same scaling argument
as in Section 4 yields
(76)
∫
TdL
|f |p ≤
(
Cd6
γ
)p(Cd9γ )n∑dj=1 ajbj+pn−(p−1) ∫
TdL∩S
|f |p.
To conclude the proof consider the case when the parallelepipeds Jl are not
disjoint. We proceed by induction on the number of parallelepipeds n. If n = 1 the
result is true by either Theorem 7 or equation (76).
Let us assume that (18) is true for n ≤ N and let us consider the case when
n = N + 1.
If (60) holds for all l 6= k ∈ {1, . . . , N + 1} and for all j = 1, . . . , d, then the
theorem is true by equation (76).
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If (60) is not satisfied for some pair l 6= k, it is possible to cover the N + 1 par-
allelepipeds with sides bj with only N parallelepipeds with sides 3bj. Consequently
‖f‖Lp(TdL) ≤
( c˜d
γ
)( c˜d
γ
)N
3a·b+N− (p−1)p ‖f‖Lp(S∩TdL)
≤
( c˜d
γ
)( c˜d
γ
)N+1
a·b+N+1− (p−1)p ‖f‖Lp(S∩TdL),(77)
where the first inequality follows by induction hypothesis and the second one is due
to the fact that 3 ≤ c˜ ≤ c˜dγ . Hence, the proof is completed.
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